Abstract
A classic problem in microbiology is that bacteria display two types of growth behavior when cultured on a mixture of two carbon sources: in certain mixtures the bacteria consume the two carbon sources sequentially (diauxie) and in other mixtures the bacteria consume both sources simultaneously (co-utilization). The search for the molecular mechanism of diauxie led to the discovery of the lac operon and gene regulation in general. However, why microbes would bother to have different strategies of taking up nutrients remained a mystery. Here we show that diauxie versus co-utilization can be understood from the topological features of the metabolic network. A model of optimal allocation of protein resources to achieve maximum growth quantitatively explains why and how the cell makes the choice when facing multiple carbon sources. Our work solves a long-standing puzzle and sheds light on microbes' optimal growth in different nutrient conditions. cell optimizes growth by optimally allocating its resources (18) (19) (20) (21) (22) (23) (24) . In particular, Hwa and colleagues developed a model of optimal growth with constraints on protein resource (20, 21) . In this paper, we extend this approach to address the question of multiple carbon sources and show that the two growth strategies can be understood from optimal growth further constrained by the topological features of the metabolic network.
Categorization of Carbon Sources
Carbon sources taken by the cell serve as substrates of the metabolic network, in which they are broken down to supply pools of amino acids and other components that make up a cell. Note that amino acids take up a majority of carbon supply (about 55%) (25-27). As shown in Fig. 1 , different carbon sources enter the metabolic network at different points (27) . Denote those sources entering the upper part of the glycolysis Group A and those joining at other points of the metabolic network Group B (Fig. 1) . Studies have shown that when mixing a carbon source of Group A with that of Group B, the bacteria tend to co-utilize both sources and the growth rate is higher than that with each individual source (6, 7, 28) . When mixing two sources both from Group A, the bacteria usually utilize a preferred source (of higher growth rate) first (4, 6, 11, 13, 29, 30 ).
Origin of Diauxie for Carbon Sources in Group A
Let us first consider the case in which both carbon sources are from Group A. In this case, if we group the precursors of biomass components (amino acids and others) into various pools, then all these pools lie downstream of the carbon sources (Fig. 1) . The topology of the metabolic network is then equivalent to Fig. 2A (see Methods), where A1 and A2 can be any two carbon sources from Group A. We proceed to solve this simple model using an
Where max Assuming that the flux is conserved along the branch so that
is the substrate quality of 
The equivalent of Eqs. 1 and 2 is 
Only the nutrient (A1) with higher efficiency ( 1 A  ) is utilized. Note that the growth rate is the same as when cultured with A1 alone.
Ratio Sensing
We have shown that when there are two Group A sources A1 and A2 available, the cell will only utilize the one with higher efficiency. However, note that the nutrient efficiency 
where
, in which the parameter [ 1]
, the turning point is reduced to
a form of ratio sensing. That is, the cell will sense not the absolute concentration of [A1]
and [A2], but their ratio, to make the decision. Ratio sensing was recently observed in the budding yeast Saccharomyces cerevisiae cultured in glucose-galactose mixed medium (29). The measured turning point is in quantitative agreement with Eq. 6 ( Fig. 3 ).
Co-Utilization of Carbon Sources
The diauxic growth is due to the topology of the metabolic network, in which Group A sources enter the network in the upper part of the glycolysis and converge to a common node (G6P/F6P) before diverting to various precursor pools ( Figs , if 
Carbon Source of Biomass components
In order to apply the above analysis to the real case, we collected the available data for metabolic enzymes from the literature (Table S1) Table S2 . Applying the analysis of Eqs. 7 and 8 to the real network, one can identify the carbon source supplier of each amino acid pool and other precursors pools under optimal growth (Table S3 ).
Discussion
The topology of the metabolic network can be simplified to coarse-grained models shown in Figs observed that there is a hierarchy among Group A sources ranked according to the growth rate on single carbon source -when two or more sources are present the bacteria use the one that delivers the highest growth rate (6, 30) . This is a natural consequence of our theory.
As can be seen from Eq. 5, a higher growth rate implies a higher nutrient efficiency and thus a higher priority to be utilized. How this hierarchy is implemented molecularly is a very interesting question (13). Ratio sensing is another consequence of our theory. It remains to be seen experimentally whether it is widely implemented for all pairs of Group A nutrients and across microbes. It could well be that the microbe cares only about the most frequently encountered (or the most important) combinations of nutrients and would not invest resources to ratio sense the others.
When Group B source is present along with Group A source, it can take a shortcut to reach some of the precursor pools (Fig. 4) and can be more efficient to supply these pools.
(Some combinations of two Group B sources may face the same situation and thus can be co-utilized.) An experimental test for our theory of co-utilization is to verify/falsify Table   S3 . There is no data yet in the literature to compare directly with Table S3 . There are, however, experimental data on the relative fractions of fluxes the cells are drawing from the two carbon sources when cultured on sources A and B (6, 30). These quantities can be estimated with the knowledge of Table S3 and the composition of amino acids in a cell (27). The results are consistent with experimental data (Fig. 5) . In a recent experiment with Methylobacterium extorquens AM1 (28), the carbon source of certain metabolites were traced with isotope labeling in a co-utilization case. The outcome is consistent with our theory (see Supporting Information for details).
Cell growth is a fundamental issue in biology. The present work deals with relatively stable growth conditions and the simple exponential growth behavior. In this case, there is a body of experimental evidence for optimal growth (maximum growth rate) (18) (19) (20) (21) (22) (23) (24) . In reality the environment the microbes face can be highly variable and uncertain. Their Another interesting point is cell-to-cell variability. What our theory gives is the average behavior. However, the behavior of individual cells can be variable. For example, in the ratio sensing experiment we discussed before (29), the turning point to switch on the galactose pathway is variable from cell to cell, and in each cell the switching is an all-or-none transition (bistable with memory). The bistability and perhaps at least some of the variability in the switching point may well be the outcome of evolution to cope with environmental fluctuations and uncertainties. Interestingly, our prediction of the turning point agrees very well with the average behavior of the population (Fig. 3) . A challenge in future research would be to quantitatively understand the variance.
Methods
Coarse graining of the metabolic network is done in such a way as to preserve the network topology but grouping metabolites, enzymes and pathways into single representative nodes and corresponding effective enzymes. In particular, a linear pathway is lump summed into two nodes (start and end) connecting with a single effective enzyme.
The protein resource allocation model is based on the work of Hwa and colleagues (20, 21) . For our purpose here, the proteins in a cell are partitioned into three classes: carbon catabolic enzymes (C), biomass synthesizing enzymes (S) and everything else (Q). The masses of the three classes add up to the total protein mass in a cell: 
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